Abstract. In this paper we derive a formula for the Z-adic Euler characteristic of a one-parameter family of algebraic varieties. We define an algebraic analog of the local monodromy of isolated singularities of algebraic hypersurfaces, defined in the complex case by Milnor. We discuss various conjectures connected with the definition of the conductor of a family of algebraic varieties.
Introduction
We consider a family of algebraic varieties /: X -* Υ over a nonsingular complete curve Υ, i.e. / is a proper flat morphism of algebraic varieties with connected fibers. Assume that the ground field is the field of complex numbers C, and let F be a "typical" fiber of the morphism /. In this case we have the "well-known" formula
X(X)=1(F)%(Y) + 2 *M -W. (*)
expressing the deviation from multiplicativity of the Euler characteristic (topological) in terms of the analogous characteristic of degenerate fibers X of the morphism /. A proof of this formula for the case when X is a smooth variety can be found in [l] (the restriction on the dimension of X made in the statement of this theorem is inessential).
In this paper we shall prove a formula analogous to (*) and valid for an arbitrary algebraically closed field k of characteristic p > 0. In this case it is natural to consider the /-adic Euler characteristics EP(X), EP(Y) and EP(X ), and we shall prove (see §1 for an explanation of the notation) the formula (/ is a prime number different from p)
EP{X)=EP(X-)EP(Y) + %[EP(X y )-EP(X-) + a y (f; /)],
(**) 304 I. V. DOLGACEV fiber X is smooth). This formula is obtained by a simple application of a general formula of Grothendieck for the Euler characteristic of a constructible etale sheaf on a smooth algebraic curve (cf. [l5l·, [17] , expose X)· In case X is a normal surface, and also for arbitrary varieties with isolated singular points over a field of characteristic zero, in §4 we obtain from formula (**) the independence of EP{X) of the prime number Ι Φ-p. Our proof is "elementary" and does not use the fundamental theorems of /-adic cohomology. With the help of these it is clear that one can obtain considerably stronger results. Namely, for p = 0 from Artin's comparison theorem for arbitrary algebraic schemes ( [16] , expose XVI) we get this result for arbitrary X. In case p > 0, as P. Deligne explained to the author, this result can be derived for arbitrary proper ^-schemes from the interpretation of EP(X) as the difference of the degree of the denominator and the degree of the numerator of the ^-function of an algebraic variety over a finite field.
In §5 we discuss some conjectures connected with the definition of the conductor of a family of algebraic varieties. §1. Statement of the main theorem Everywhere in what follows Υ denotes a smooth connected curve over a field k, and V its set of closed points. For any closed point y € Υ we denote by rf the spech trum of the field of fractions Κ of the henselization of the local ring Ο γ . Let i : rf •=-» Υ be the corresponding canonical morphism. For any constructible etale sheaf F on V, annihilated by multiplication by /, the sheaf F -i* (F) on rf is identified with a finite-dimensional G -F,-bimodule, where G is the Galois group of the separable closure Κ of the field Κ .
y y
For any field Κ which is complete relative to a discrete valuation, with residue field k, and for a finite-dimensional G^-F^-bimodule M, one defines "Serre's higher ramification measure" δ(Κ, Μ) ([20] ; see also[l3L [15] ).
We recall its definition. Let L/K be a finite Galois extension such that the Galois group G. acts trivially on M. Thus Μ can be considered as a G-module, where
(where π is the uniformizing parameter of the field K) be the higher ramification groups, e { = U{G) and e = # G the orders of these groups. Then This theorem will be proved in ^3· 
EP(X) = EP{X-)EP(Y).
In fact in this case the sheaves R l f^ L V , for k > 0, are locally constant (special ization theorem [16] , expose XVI). Thus the /-adic sheaves lim, £%μ k = ^%Zâ re locally constant, i.e. the function y ι->&.(X_; /) is constant. Hence £P(X ) = EP(X-) for any point y € Y. Moreover, as we saw above, the invariant δ (#%M; χ) -α ζ (/; Ζ) = 0. Now apply Theorem 1.1. 
(the last by the universal coefficient theorem). Tensoring by Qj, we get 
)~).
Applying the base change theorem (see [16] , expose XI), we shall obtain £ c μι)
Analogously we have from which it follows that 4 (f; 0 = θ (/<:*, (^?.μΛχ)7) = δ {K y , («7>ι.χ')3 = 4 (f; 0. 
We give a more explicit formula for the term χ (F), and together with this also one for the entire local invariant e (F). 
where 
from which we also get the assertion of the lemma.
Corollary 2.2.
In this section the notation is the same as in the preceding sections. Consider the Leray spectral sequence for the morphism f: X -» Ύ and the sheaf μ [ χ :
By the invariance of the Euler characteristic in the spectral sequence we have *(*. μΐ.χ) = Σ (-iW» «'/•μι.χ)· (3.υ
As was already explained in §1, the sheaves R l f^l χ are constructible and are annihilated by multiplication by I. Thus we can apply the Euler-Grothendieck formula (2.2) to it. As a result we obtain
By the base change theorem ([l6], expose XII), Substituting (3·2) in (3·1) and using the notation of § §1 and 2 we will obtain
We have used the fact that 8 (R°f^[ χ ) = a (/; 1) = 0 is equal to zero (cf. the proof of Corollary 1.6).
To prove Theorem 1.1 it remains to prove the following assertion. The corresponding exact cohomology sequence has the form Here and later on for any abelian group A we let A (respectively A ) denote the cokernel (the kernel) of the homomorphism of multiplication by n: A -• A {a \-• na).
Passing to the projective limit over powers of / in exact sequence (3.4), we will obtain the exact sequence
Since the groups H\Z, μ /0Ο ) are of finite type (this follows from the finiteness of the groups HKZ, μ k ) and an exact sequence (3-4)), they have the form where t l {Z; I) are finite groups.
On the other hand, it follows from (3·5) that Replacing χ( , μ^ by EP( ) in (3-3), we will obtain the formula of Theorem 1.1. §4. An application
In this section we let IS denote the class of projective ^-schemes X such that all singular points of the corresponding reduced scheme X , are isolated.
We let P r denote projective space of dimension r over k, and P r the dual projec- In the case where X is smooth and if in condition c) Η has only ordinary double points, the definition of a good pencil turns into the definition of a Lefschetz pencil in the sense of Katz' lecture ( [18] , expose VII).
An imbedding i: X -> P r will be called good if there exists a good pencil relative to i. Let Υ C Χ χ P r be the subscheme of "incidences" of the P r -scheme XxP r whose fiber at the point Η € P r {k) is ΧΉ. An equivalent definition is that Υ is the graph of a rational map X -» P r defined by a complete linear system of hyperplane sections of X.
Let 5(Y) be the subscheme of singular points (i.e. points where it is not smooth) of the morphism /: Υ -• P r induced by the projection Χ χ j> r -P r . Let X = f{S(Y)) be the projection of S(Y) onto P r . In case X is smooth, X is the variety "dual to X". The points of S(Y) are interpreted as pairs (x, H), where either χ is singular on X, or Η is tangent to X at χ (i.e. Η · X is singular at x). Proof. Let X be the variety dual to X relative to the imbedding s, ° i. We shall show that for any nonsingular point x Q £ X there exists a point Η € X such that Η · Χ has an isolated singularity at x Q . From this it will follow that for any irreducible component S. of the scheme S(Y) there exists a fiber of the morphism /.: 5. -* X consisting of a finite number of points. From this we obtain that the morphism /. is quasifinite over a general point of fiS). After this we use Lemma 4.1. Having chosen suitable homogeneous coordinates i Qi · · · > t in P r , we may assume that x Q is the point (1, 0,
Lemma 4.1. Assume that the morphism f: S(Y) -> X is quasi-finite over every maximal point of X. Then the imbedding
• · · , 0) and that the functions * Ζ ·Λ Ο ' z = 1» * · ·» &» are local coordinates on X in a neighborhood of x Q . Consider a hypersurface Γ with the equation t. + · · ·+ t, = 0. However, the intersection Γ · X is the intersection Η · X, where Η is the correspond-
ing hypersurface in Ρ and the point x Q is the only singular point of H'X. This proves the proposition. Now let X be an arbitrary reduced ^-scheme of class IS. By the preceding proposition we may assume that X is well imbedded in P r . We choose a good pencil of hyperplane sections on X and let φ: X -> Ρ be the corresponding rational map. Proof. The morphism π is none other than the resolution of points where the rational map is undefined, whose existence was proved by Hironaka [6] (p = 0) and Abhyankar [2] {p > 0 and dim X < 3). The fibers of the morphism will belong to the class IS; and moreover, by the definition of a good pencil, all the fibers of / are smooth, and consequently the general fiber is also smooth. It is obvious that it is geometrically connected. 
EP(X')=EP(X) + (d-l)EP(Y).
Proof. Since the imbedding i: Υ £-* X i s regular, the structure of the scheme X is well known (see [5] , Chapter IV, 19.4), and also [9] Proof. By [16] (expose IX) we may assume that X is reduced. We shall argue by induction on dim X. In the case dim X = 1 the assertion follows from direct computations (a spectral sequence applied to the normalization morphism; cf. does not depend on /.
In the case where the scheme X is smooth and the fibers of / are reduced, we can give an invariant interpretation of the number c(/) = deg C(f; I) by means of the local invariants of singularities of the morphism / (see [7] ). We have where ϋχ/ γ is the Jacobi sheaf of the morphism / (or different in the sense of [4] ). In case dim X = 2, formula (5-3) was proved in [4] . The following conjecture is connected with the question of "localization" of formula (5.2). CyifU) = 2 (-lr^dimaExi^, Γ (Κ. </))).
It holds in case dim X = 2 and p = 0 (see [7] ). An unclear proof of this fact can be found also in Jung ([8] , Chapter VI). Assume further that the general fiber of / is smooth; then by virtue of Corollary 1.6 it suffices to prove this conjecture only for the values 1 < ι < η, where η = dim X . Moreover, as in the proof of Proposition 5.1 (case b)), we may assume that ζ > 1. In particular, if dim X = 3, it remains to verify the invariance of α (/; /).
In the general case it is easy to verify that the preceding conjecture follows from a conjecture of Serre [14] . Then
We note that this conjecture holds in case X is a smooth algebraic surface. Furthermore, we assume that all the singular points of fibers of the morphism / are isolated and the scheme X is smooth. Let x be a closed point of X, and y = fix). Consider the canonical morphism f χ : Spec(o£ χ ) -> Spec(Oy ) induced by the natural imbedding 0* y C_ θ£ χ . Let X(x) denote the K y -scheme Sp'ecCO^ ® h Κ ), and let X(x) = X(x) ®^ Κ be the geometric general fiber of the morphism / . The
